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Machine learning

Unsupervised learning Supervised learning

Reinforcement learning

- INnteraction [ . }
s | Environment
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Nearest Neighbor —
NN classifier = dog

distance
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Nearest Neighbor
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Decision boundaries
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Linear regression

« Supervised learning

« Find alinear model that explains a target y given the
inputs X

> X
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Linear regression

Training
Data poin Model parameters
Input (e.g. image, Labels (e.g.

measurement) cat/dog)
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Linear regression

Training
{Xl:na y1:n} > 5,
Data points Model parameters
Testing

> yn—l—l
Estimation
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Linear prediction

« Alinear model is expressed in the form

L — d Inputs
i = jzl\

welghts, model parameters

Input data, features
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Linear prediction

« Alinear model is expressed in the form

d
b= S w6, — x/lel
>

J
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Linear prediction
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Prediction
|
U2

Yn
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Linear prediction

y = X0 / INnput features
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Linear prediction

Temperature
of the building
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Sun exposure (%)
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Linear prediction

< How do we

" % % %j obtain the

2 @ Q3 model?
S8 > o 9
¢ 35 8§ %
Temperature 5 .Té? cgé 2
of the building T 5 5 5
\@j,_ T Zz O
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« | =5 || =10 50 0 10
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How to obtain the model?

Data points

Prof. Leal-Taixe and Prof Niessner

| 0SS
| function

Labels (ground truth)
y

‘ Optimization ‘

Model parameters Estimation
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How to obtain the model?

« Loss function: measures how good my estimation is
(how good my model is) and tells the optimization
method how to make it better.

« Optimization: changes the model in order to iImprove
the loss function (l.e. to iImprove my estimation).



Linear regression: loss function

@
® \ Prediction:

Temperature of
the building
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Linear regression: loss function

¢
A
Yy o
- \
o o ° Prediction:
Temperature of
¥ @ .
B adi the building
> X

Prof, Leal-Taixe and Prof. Niessner 19



Linear regression: loss function

> X

N 5 Objective function
Minimizing J(H) = Z (yz — yz) Energy

Cost function N
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Optimization: linear least squares

* Linear least squares: an approach to fit a
mathematical model to the data

min J(8) = Y- (35 — i)

0

« Convex problem, there exists a closed-form solution
that is unique.
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Optimization: linear least squares

n n

min J(0) = 1 30 (5 — y:)? = L > (xi0 — ;)7
/ 1=1 1=1

n training samples The estimation

comes from the
linear model
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Optimization: linear least squares

min J(0) = = > (i —¥:)* = 2 Y (%0 — y;)?
0 1=1 1=1
0 \ \ notation
n training samples, n labels
each input vector
nas size m
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Optimization: linear least squares

min J(0) = 13 (5 — p)? = L 3 (xi0 — )’
1=1 1=1
min J(0) = (X0 — y)T (X0 —y) el
0 notation

Thursday April 10 exercise session, more on matrix notation
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Optimization: linear least squares

min J(0) = L 3G —4:)% = L 3 (x,0 — y,)?

0 1=1 1=1

Optimum )



Optimization
J(0) = (X0 - y)' (X0 —y)

0J (6 O
% 590 X' X026 X"y + y/y)
00" AO No theta therel
50 2A10
0J(0
% =2X" X6 - QXTY = 0 | More info on
Thursday!
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Optimization

6‘2—(:) =2X X0 - 2X'y =0

0=X"X)"'X"y

f Output:
INnputs: Outside Temperature of
temperature, the building
number of
people.
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IS this the best estimate?

e |east squares estimate

J(O) =1 (5 — yi)?

1=1
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Maximum Likelihood

-stimate

Pdata(y|X)  True underlying distribution

|

Pmodel(Y|X,80)  Parametric family of distributions

Controlled by a parameter
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Maximum Likelihood

-stimate

« A method of estimating the parameters of a statistical

model given observations,

Pmodel (Y‘Xa 9)

P

Observations from Pdata (¥ |X)
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Maximum Likelihood Estimate

« A method of estimating the parameters of a statistical
model given observations, by finding the parameter
values that maximize the likelihood of making the
observations given the parameters.

Or = arg mHaX,pmodel (Y|X7 9)

Training

O = argmax | | Pmodel (Yi|Xi, 0
samples 0 H modet (i, 0)

1=1



Maximum Likelihood Estimate

n
0 — : model \ Yi iag
ML al”gmeakil_[lp det (Yi|Xi, 0)

N

Oy = arg ng log pmodel(yi|xi7 9)
1

1

Logarithmic property  log.(ab) = log.(a) + log.(b)
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Back to linear regression

0 — I model \ Y1 iae
ML argm@axz Ogip del(Yi|Xi, 0)

1=1
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Back to linear regression

Gaussian or Normal

P(yz‘ ‘Xia 9) / distribution

Assuming ¥ = N(x;0,0°%) = x,0 + N (0, 0?)

mear

1 1 ()2
p(x) = e 22T g N, 0?)

V2mo?
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p(yi‘xia 0)

Assuming  y;

(2) = —
P Varo?

Back to linear regression

:./\/‘(XZ'H,OJ) — Xi9+/\/(0,02)

6—20%(56—#)2 T ~ N(H’ 0_2)



Back to linear regression

p(yi|xi, 0) = (2mo?)~ 2

Assuming ¥ = N(x;0,0°%) = x,0 + N (0, 0?)

\ \mean

p(ys) = e~ 50z (1 C8)° yi ~ N (p, %)

2702
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Back to linear regression

p(yilxi,0) = zﬁ(,z)_l/ge—ﬁ@z@
Original

optimization  @ar = arg maXZ Dmodel (Yi|Xi, 0)
oroblem
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Prof. Le

Back to linear regression

log((2ro?) V26 % 5oz (Yi— x29)2)
l Matrix notation

log((2ma2)~1/2e™ 2,2 (X0 (y=X0))

l Canceling log and e

1
= log(2m0%) — = (y — X6)" (y — X6)
2 207
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Back to linear regression

1=1

0 — l model\ Y1 i70
ML argmeaxz Og Pmodel (Yi|Xi, 0) >

2 log(2m0?) L (v - X0)"(y — X0)

- 242
Q How can we
06 find the
estimate of

0=X"X)"'XTy  theta
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Linear regression

« Maximum Likelihood Estimate (MLE) corresponds to
the Least Squares Estimate (given the assumptions)

« |ntroduced the concepts of loss function and
optimization to obtain the best model for regression

Prof. Leal-Taixé and Prof. Niessner
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Regression vs. Classification

« Regression: predict a continuous output value (e.g.
temperature of a room)

» Classification: predicts a discrete value
— Binary classification: output is either 0 or 1 _
— Multi-class classification: set of N classes

Prof, Leal-Taixe and Prof. Niessner
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Sigmoid for binary predictions

B 1
Ty © 0($)—1_|_€_x
1
Can be

interpreted as
a probability

p(y; = 1|x;,0)
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Spoiller alert: 1 layer Neural Network

B 1
xh © o(r) = g
1
Can be

interpreted as
a probability

p(y: = 1]x;,0)

’ ‘" away from cellbody
Prof. Leal-Taixé and Prof. Ni&&4Redy -



L ogistic regression

« Probability of a binary output

n

v =p(y =1X.6) = [[ p(y; =

Prof. Leal-Taixe and Prof. Niessner 47



L ogistic regression

« Probability of a binary output

n

y =ply =1X,0) =] [ p(yi = 1|x,6)
1=1

Bernoulll trial

Modet for plz]e) = ¢"(1 — $) =% = o
coins 1—¢ if 2=0
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L ogistic regression

« Probability of a binary output

n

y =ply =1X,6) = Hp(y- = 1[x;,0)

n o J Model for
H 7 (1 — ;)L =vi) coins



Logistic regression: loss function

« Probability of a binary output
p(y|X, 6) H iV ( (1 Yi)

« Maximum Likelihood Estimate

Onrr = arg m(YlX, 0)

Prof, Leal-Taixe and Prof. Niessner
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Logistic regression: loss function

p(yX,0)= 3 o]y

1=1

> yilog g + (1
1=1

Prof, Leal-Taixe and Prof. Niessner

3/@ (1 — yz)(l Yi)

D _log (@5“(1 gi) ?”)
1=1

— y;) log(1 — g;)



Logistic regression: loss function

L(Yi,yi) = yilog §; + (Wi)

yi =1 ——— L(¥;,1) = log
Maximizel — @1 = arg max log p(y|X, 0)

Prof, Leal-Taixe and Prof. Niessner



Logistic regression: loss function

L(Yi,yi) = yilog §; + (Wi)

yi =1 ——— L(y;,1) = logy;

We want. logy; large, since logarithm is a
monotonically increasing function, we also want ¥
large (1 1s the largest value my estimate can takel)

Prof, Leal-Taixe and Prof. Niessner



Logistic regression: loss function

ﬁ(y}, yi) — Y Y; + (1 — y@-) 10%(1 — ?z’)

We want. log(1 — ;) large, so we want ¥; to be
small (O Is the smallest value my estimate can takel)

Prof, Leal-Taixe and Prof. Niessner



Logistic regression: loss function

L(Yi,yi) = yilogy; + (1 — y;) log(1 — 9;)

‘ Referred to as cross-entropy oss ‘

« Related to the multi-class loss you will see in this
course (also called softmax loss)

Prof, Leal-Taixe and Prof. Niessner
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Logistic regression: optimization
« [Loss function
L(Yi»y:) = yilog g + (1 — y;) log(1 — ;)

o Cost function

Minimization

Prof, Leal-Taixe and Prof. Niessner



Logistic regression: optimization

 No closed-tform solution

« Make use of an iterative method = gradient descent

Prof, Leal-Taixe and Prof. Niessner
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Following the slope

x* = argmin f(x)

INnitialization

Optimum

Prof. Leal-Taixe and Prof Niessner
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Following the slope

x* = argmin f(x)

INnitialization

Optimum

Prof. Leal-Taixe and Prof Niessner



Following the slope

x* = arg min f(x)

INnitialization

Follow the \
slope of the

DERIVATIVE

df () ~ 1im f(x+h)— f(x) Optimum
Pd@éatﬁaixe’ an@%‘?@ eeeeee h




Gradient steps

Direction of

« From derivative to gradient greatest
iNncrease of
af (x) > Vxf(x) | the function

dx
« Gradient steps in direction of negative gradient

Vi f(x)
) X' = x — eVy f(X)

\

Learning rate

Prof, Leal-Taixe and Prof. Niessner



Gradient steps

Direction of

« From derivative to gradient greatest
iNncrease of
af (x) > Vxf(x) | the function

dx
« Gradient steps in direction of negative gradient

Vi f(x)
) X' = x — eVy f(X)

SMALL Learning rate
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Gradient steps

Direction of

« From derivative to gradient greatest
iNncrease of
af (x) > Vxf(x) | the function

dx
« Gradient steps in direction of negative gradient

X' = x — eVy f(X)

\

LARGE Leamning rate

Prof, Leal-Taixé and . Niessner



Convergence

x* = argmin f(x)

INnitialization

wWhat is the

gradient when

we reach this | Not guaranteed
Hoint? to reach the

optimum

Optimum

Prof. Leal-Taixe and Prof NieSsrer




Numerical gradient

Y@) . fa+h) = (@)

dx h—0 h

« Approximate
o Slow evaluation

Prof, Leal-Taixe and Prof. Niessner



Analytical gradient

« Exactand fast

|
S|
]z
VN
N
~.

|
<
N——"

(\V)]

Recall Linear Regression m@in J(0)

1=1
min J(0) = (X0 —y)" (X6 — y)
Analytical - 9XTxX09 — 2XTy

gradient 0.J(6)

30 ><j A step in that direction

Prof. Leal-Taixé and Prof. Niessne



Gradient descent for least squares

01 =0, —e (2X7X0 — 2XTy)

£\
\/

Convex, always converges to the same solution

Prof, Leal-Taixe and Prof. Niessner



Gradient descent for logistic regression
C(0) = —% > yilog @i + (1 — ;) log(1 — ;)
1=1

Explained in the following lectures
when the following topics are
00 introduced:

« Computational graphs
« Backpropagation of the gradients




Regularization



Regularization

Loss  J(0) = (y — X0)! (y — X0) +

L2 regularization
L1 regularization
Max norm regularization

Dropout

Prof, Leal-Taixe and Prof. Niessner
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Regularization: example

« Input: 3features x =11,2,1]
« Two linear classifiers that give the same result:

01 =10,0.75,0] —— Ignores 2 features

0, = [0.25,0.5,0.25] —— Takes information
from all features



Regularization: example

Loss  J(0) = (y — X0)! (y — X80) +H\R(0)

|2 regularization R(0) = Z 0;
i=1

0. — 040.75%0.754 0 = 0.5625

0> —s 0.25% +0.5% +0.25% =

0.375 | Minimization

=11,2,1]  6:=10,0.75,0]

0> = [0.25,0.5,0.25



Regularization: example

Loss  J(0) = (y — X0)! (y — X80) +H\R(0)

L1 regularization R(0) = Z 16, |

01— 04+0.75+0=0.75 | Minimization

0 — 0254+054+025=1

x=[1,2,1]  6;=[0,0.75,0] 0> = [0.25,0.5,0.25)

Prof. Lec 1FTN



Regularization: example

« Input: 3features x =11,2,1]
« Two linear classifiers that give the same result:

01 =10,0.75,0] —— Ignores 2 features

0, = [0.25,0.5,0.25] —— Takes information
from all features



Regularization: example

« Input: 3features x =11,2,1]
« Two linear classifiers that give the same result:

0, =10,0.75,0] ——s L1regularization
enforces sparsity

0, = [0.25,0.5,0.25] —— Takes information
from all features

Prof, Leal-Taixe and Prof. Niessner



Regularization: example

« Input: 3features x =11,2,1]
« Two linear classifiers that give the same result:

0, =10,0.75,0] ——s L1regularization
enforces sparsity

L2 regularization
0; = [0-2570-570-25] — > enforces that the weights
have similar values

Prof. Leal-Taixe and Prof. Niessner 78



Regularization: effect

« Dog classifier takes different inputs

urry
\ |_1

Hastwoeyes ™ regularization

will Tocus all

Has a tail the attention to

/ e a few key
Has paws / features

Has two ears

Prof, Leal-Taixe and Prof. Niessner 79



Regularization: effect

« Dog classifier takes different inputs

urry ~

L2
regularization
will take all
iNnformation into
account to
Make decisions

Has two eyes
Has atall —

Has paws

Has two ears

Prof, Leal-Taixe and Prof. Niessner 80



Regularization

\-o00001  A=o001 - \=10

Decision

What is the goal of regularization?

What happens to the training error?

Prof. Leal-Taixe and Prof. Niessner Cl’editS: Uﬂi\/ersity Of W@Shg@gt@n



Regularization

« Any strategy that aims to

Increasing
training error

Prof, Leal-Taixe and Prof. Niessner



Beyond linear

This lecture Next lectures




Next lectures

« Next Monday: Introduction to Neural Networks

« This Thursday: Math refresh #2, particularly useful for
the jJump to NN!
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Useful references

« General Machine Learning book:
— Pattern Recognition and Machine Learning. C. Bishop.

Prof, Leal-Taixe and Prof. Niessner



